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Abstract 

We discuss one parameter families of unimodal maps, with negative Schwarzian derivative, 
unfolding a saddle-node bifurcation. It was previously shown that for a parameter set of positive 
Lebesgue density at the bifurcation, the maps possess attracting periodic orbits of high period. 
We show that there is also a parameter set of positive density at the bifurcation, for which 
the maps exhibit absolutely continuous invariant measures which are supported on the largest 
possible interval. We prove that these measures converge weakly to an atomic measure supported 
on the orbit of the saddle-node point. Using these measures we analyze the intermittent time 
series that result from the destruction of the periodic attractor in the saddle-node bifurcation 
and prove asymptotic formulae for the frequency with which orbits visit the region previously 
occupied by the periodic attractor. 



1 Introduction 
1.1 Background 

This article is a companion article for [|HomYouOO(| . In that article we discussed intermittent 
dynamics associated with boundary crisis (homoclinic) bifurcations in families of unimodal maps. 
In the present work we treat saddle node bifurcations from the same perspective. 
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By Jakobson's celebrated work [ Jak81|] , the logistic family x ^ fix{l — x), x G [0,1], admits 



absolutely continuous invariant measures (a.c.i.m.'s) for /x from a set of positive measure. In fact, 
/i = 4 is a (Lebesgue or full) density point of this set. A different argument for this result was given 



by Benedicks and Carleson |BenCar85], [|BenCar91|. Their reasoning was generalized to unfoldings 



{/-y} of unimodal Misiurewicz maps /o, with eventually periodic critical point c (and possessing 
negative Schwarzian derivative). It was shown that the bifurcation value 7 = is a density point 
of the set of parameter values for which admits an absolutely continuous invariant measure 
| MelStr93|] , [|ThiTreYou94 1 . 



We generalize these results to unfoldings of saddle-node bifurcations in families {/-y} of unimodal 
maps with negative Schwarzian derivative. We establish that a saddle-node bifurcation value occurs 
as a point of positive density of the parameter set for which there are absolutely continuous invariant 
measures. Under the assumption that /o is not more than once renormalizable, we construct 
parameters for which f-y possesses a.c.i.m.'s supported on the maximal interval [/-^(c), /^(c)], see 
Theorem |^ below. In contrast to the Misiurewicz bifurcation values, the saddle-node bifurcation 
value is not a full density point of this parameter set. This is because it is known that the parameter 
set for which the map has a periodic attractor has positive density at any saddle-node. 

Following the construction of a.c.i.m.'s, we continue with a detailed discussion of the intermit- 
tency that occurs due to the saddle-node bifurcation. That saddle-node bifurcations can give rise to 



intermittency is known since |PomMan80], who called intermittency associated with a saddle-node 
bifurcation type I intermittency. Pomeau and Manneville studied type I intermittency in connec- 
tion with the Lorenz model. In the model, simplifying (hyperbolicity) assumptions on the dynamics 
outside a neighborhood of the saddle-node periodic orbit are made. In perhaps the most basic ex- 
ample of type I intermittency, in families of unimodal maps, such simplifications are not justified. 
This is due to the presence of a critical point. Our discussion of absolutely continuous invariant 
measures allows us to give a rigorous treatment of intermittent time series, where we explain and 
prove quantitative aspects earlier discussed numerically in [[IirHubSca82|, see Theorems ^ and |C| 
below. 



Diaz et. al. [ piaRocVia9(: ] studied the unfoldings of saddle-node bifurcations in higher dimen- 



sional diffeomorphisms and their results imply in the present context that there exists a subset 
which has positive density at 0, such that for each 7 E Qd, has an absolutely continuous 
invariant measure. The measures produced there are supported on small periodic domains on which 
the map renormalizes to a Henon-like family. In the present context this corresponds to parameter 
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values inside periodic windows, for which is renormahzable. However, the invariant measures 
produced in Jakobson's work are supported on the maximal possible interval, [/^(c), /7(c)] and the 
invariant measures that we construct are also supported on [/^(c), /^(c)]. 

While editing the final draft of this paper, we learned of the results of Maria Joao Costa 
[ |Cos01 ], corresponding to part of her 1998 thesis, on related work in a similar context. She focused 



on the sink- horseshoe bifurcation in which a sink and a horseshoe collapse, see | Zee82 , Cosi 
and studied families {g-y} of unimodal interval maps to describe bifurcations. The class of families 
of interval maps studied in |Cos01| differs from ours; it consists of unfoldings of unimodal maps 



go : [0, 1] — > [0, 1], that possess a saddle node fixed point at p £ (0, 1), so that the critical point 
c > p satisfies 5o(c) < p. For such families Costa derived the analogue of Theorem |A| below, 
stating that absolutely continuous invariant measures supported on the maximal interval occur 
with positive density at the bifurcation point. The set-up of Costa's proof corresponds to ours in 
that she also combines arguments originating from Benedicks and Carleson | BenCar85| , BenCar91 | 
with the introduction of induced maps, as discussed below. 

1.2 Assumptions and statement of main results 

Let {f-y} be a family of unimodal maps of the interval [0, 1], with critical point at c. Suppose that 
each is at least smooth and that /^(a;), Df^{x), and D'^f^{x), are w.r.t. 7. Suppose 
that each has negative Schwarzian derivative (see | MelStr9"^ ) and that D'^fj{c) < 0. Further, 



suppose that /^(l) = f'yiO) = and that the fixed point at is hyperbolic repelling. We say that 
{f-y} unfolds a (quadratic) saddle-node if, 

• There is a g-periodic point a, with Df^^a) = 1, and, 

. I)Vo'(«)|^/7'(«)>Oat7 = 0. 

For the sake of clarity, we will assume that 

|^/^^(a)|7=o > and D^p^{a)>Q. 

With this convention, for 7 > the saddle-node point disappears and complicated dynamics may 
occur. 

For a set A of parameter values, let m{A) be its Lebesgue measure. A unimodal map / is called 
renormalizahle if there is a proper subinterval I C [0, 1] containing the critical point c, so that 
f" {I) C / for some n > and /*(/) H / = for < i < n. A renormalizahle map is called once 
renormalizahle if the above property defines n uniquely. 
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Theorem A Let {f-y} be as above, unfolding a saddle-node bifurcation at j = 0. Assume that /o 
is once renormalizable. Consider the set T such that for each 7 G F, the map f-y has an absolutely 
continuous invariant measure whose support is the maximal interval [/^(c), /^(c)]. The set F 
has positive density at j = 0: 



lim inf 

7*\0 



m(rn (0,7*)) 



It does not have full density: 



lim sup 

7*\0 



> 0. 



< 1. 



Careful numerical studies of the quadratic family, x ^x{l — x), predict that between the 
period doubling limit and 7 = 4, excluding the period three window, less then about 15% of the 



parameter values correspond to the periodic windows | Hun01 |. Numerical simulations also suggest 
that near a saddle-node bifurcation, there is a large set of parameter values for which the a.c.i.m.'s 
are supported on the maximal possible interval. This is illustrated in Figure |^. 
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Figure 1: Bifurcation diagram for the quadratic family x i— > — x). For fi = fign = 1 + 2V2 the 
map undergoes a saddle-node bifurcation of a period 3 orbit. For most observed parameter values, 
fi < fisn, orbits appear to fill the interval [/^(l/2), /^(l/2)]. 



Existence of the parameter set F follows from a similar approach as used by Benedicks and Car- 
leson in their treatment of Jakobson's result. Below we comment in more detail on the construction 
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of the parameter set T. We now first consider intermittency that results from the saddle-node bi- 
furcation and introduce our second main result. 

Intermittent dynamics manifests itself by alternating phases with different characteristics. In 
one phase, referred to as the laminar phase, the dynamics appear to be nearly periodic. While in 
the other phase, the relaminarization phase, the orbit makes large, seemingly chaotic excursions 
away from the periodic region. These excursions are called chaotic bursts. Let be a neighborhood 
of the orbit, 0{a) of a, not containing a critical point of /q. Let Xe be defined as 

1 n— 1 

Xe{x,i)= lim (1) 

i=0 

whenever the limit exists, where 1^ is the usual indicator function of the set E. That is, Xe(x,7) 
is the relative frequency with which the orbit 0{x) visits E (for those x for which the limit exists). 
The following theorem discusses Xe{^i1) ^'^^ 7 ^^ar 0. 
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Figure 2: Time series for the quadratic map x — x) for jj. = 3.828 near the saddle-node 

bifurcation of the period three orbit. Both the laminar phase (nearly periodic) and chaotic bursts 
are clearly seen. 

Denote by vq the atomic measure supported on the orbit of a, given by 

^ fc-i 

1=0 
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We will denote the usual weak convergence of measures by the symbol 

Theorem B Let {f-y} and T be as in Theorem There exist sets $7 C F of parameter values with 
positive density at ^ = 0, so that 

lim z/^ ^ i/Q- 

7e!^,7\0 

Restricting to 7 G 17, Xsi^'l) ^ constant, Xe{i)' almost everywhere on [0,1] and xsi^) depends 
continuously on 'j at 0. There exist Ki, K2 > so that 

< lim ^ ~ ^^^^^ < K2. (3) 
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Figure 3: Numerical computation of XBif^) ^ ^ function of fi for the logistic family f^{x) = fix{l—x) 
near the saddle- node bifurcation of a period three orbit at ^^ji = l + 2^/2. 

Each set from the above theorem is constructed as a union Ui>i^^VLi of sets f]/, where each f]/ 
has, as a Lebesgue density point, a parameter value 7^* for which /^l~'''"(c) hits a hyperbolic repelling 
periodic point y**, for some m (the map /^* is a Misiurewicz map). Different sets result from 
considering points y** in different periodic orbits. For the construction of we adapt Benedicks 
and Carleson's treatment of Jakobson's result (we follow in fact the approach taken by Luzzatto 
| LuzOO| ) and construct parameter values for which /^(c) has a positive Lyapunov exponent. The 
main obstacle in the present case is the fact that when orbits fall into the saddle-node region they 
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remain there for many iterations and the derivative of in that region is close to one. We get 
around this problem by defining an induced map which skips over the saddle-node region. We 
show that the induced map has uniform exponential growth of derivatives and that this implies 
exponential growth of derivatives (with weaker constants) for the original map. Careful estimates 
bound the measure of the sets 0,i for increasing values of I, thus bounding the measure of their 
union fi. 



For comparison we include a result from |HomYouOO|, which builds on results in [ AfrLiuYou96| 



|DiaRocVia96], and |AfrYou98|, showing that also periodic attracting orbits are found for param- 
eters from a set with positive density at the bifurcation point. The frequency with which the 
dynamics is in the laminar phase behaves in a similar way to the frequency in Theorem |^. Note 
that the fact that the set F in Theorem |^ does not have full density at 7 = 0, follows from the 
following result. 

Theorem C Let {f-y} be as above, unfolding a saddle node bifurcation at j = 0. There exist sets 
A of parameter values of positive measure and positive density at 0, i. e. 

so that for each 'y G A, f-y has an attracting periodic orbit. Further, 

lim ly^ vn, 

where v^, ^ G A, is the invariant measure supported on the periodic orbit. Restricting to 'j £ A, 
XEi^jl) constant, x_b(7); almost everywhere on [0, 1] and x_b(7) depends continuously on 7 at 
0. There exists K > so that 

hm i^M2) = K. 
7e.A,7\0 ^ 

Different sets A lead to different limit values K in Theorem ^. In fact, the proof of Theorem |C| 
makes clear that arbitrary large numbers occur as the limit values K. This fact, together with 
Theorems ^ and ^ lead us to conjecture that there is a parameter set A which has 7 = as a 
Lebesgue density point, so that 

lim 

7\o,7eA In 7 2 



It was shown in [HomYouOO] that such a limit cannot hold without restricting the parameter set. 
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2 The saddle node: local embedding flows 



Denote hy E a small neighborhood of a on which /q is invertible. Let Wf^^{a) and Wl^^{a) denote 
the usual local stable and local unstable sets for a. 

Proposition 2.1 Let {fj} be a family of C, r > 2, maps unfolding a saddle-node. Then 
there exists a family of flows, {0^y}o<7<7) on E such that fy = (j)}^ for each 7 > 0. Further, 
4>if{-) —>■ </'o(") in the topology on E and in the topology on compact intervals away from the 
fixed point. The flow (/>q is uniquely determined by /q. 



Proof. The C°° version of this theorem is due to Takens [rak73|. The C" result follows from 



Part 2 of I Yoc95 |. The case 7 = follows from Appendix 3 of [ Yoc95[| . The case 7 > and the 



convergences as 7 \ follow from Theorem IV. 2. 5 and Lemma IV. 2. 7 of the same. □ 

Remark 2.2 This result is known as the Takens Embedding Theorem. A version of it appears in 
lIlyLiOi /. They proved that one may obtain (t>t{x) which depends smoothly on both x and 7, 



7^ 

even at the fixed point, if one requires that (x,7) 1— > /^(x) be C^^"^^ smooth, where R{r) may be 



larger than r. Proposition allows for our weaker hypotheses and its implications are sufficient 
for our purposes. 

Choose d e Wf^^{a) and let 

i; = [dj^{d)]. 

Also, choose a point e E Wll^^{a) so that 

i:; = [ej:^{e)]cE. 

For the sake of convenience we restrict E to be the interval 

E = [d,e], 

so that Wf^^{a) = [d,a) and Wl^^{a) = (a,e]. We will use the embedding flow on the interval 
E U I}; = [d, f^{e)]. 

Given 7 > and x G I", define r^(a;) to be the unique number for which 



For 7 > and x £ I^, let t^{x) be defined by 
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It follows from the smoothness of 4>i^{x) that for each 7 > 0, the functions r^'" are C"^ diffeomor- 
phisms from I^'" to [0,1]. We will use r^'" as coordinates on In the following, we will associate 
[0, 1] with the unit circle by making the identification ~ 1. We also treat I-^'" as circles through 



the coordinates r^'". 

Given d and e as above, let {7;}^;^^ be the sequence, 7 > 7io > Ih+i >■■■■, defined by: 

ftid) = e. 

For each I > Iq let gi : [0, 1] — > [7/_|_i,7/], be the reparameterization map defined by 

We have that ^^(O) = 7; and gi{l) = "Ji+i- We may invert gi{-), for each /, to obtain maps 
01 : [7/+i,7/] ^ [0,1]. 

Proposition 2.3 The reparameterization maps gi are smooth monotone decreasing functions with 
uniformly small distortion: given e > there is N £ N so that for every I > N and every 9 C [0, 1], 

Dgi(e) 

{l-e)< < (1 + e). 

Proof. Diaz et. al. proved this result under the hypothesis that (x,7) 1-^ f-yi^) is usmg 
Il'yashenko and Li's embedding result (Remark |2.2| ). A proof of this result under the current hy- 
potheses appears in |AfrYou98i based on pon90| . □ 



We remark that Pji converges as / — > 00 (see [ MisKaw90| ] ) , so that 7^+1/7; ^ 1 as / ^ 00. This 



fact, together with Proposition |2]^ imply the next proposition ||AfrYou9£ ] . 



Proposition 2.4 Let Q be a measurable subset of[0,j) and denote ^li = flD [ju^i-i]- If the limit 



exists and equals A, then 



lim m{9i{ni)) 

1^+00 



hm = A. 



7\0 7 

We remark that, with 17/ satisfying the assumption in the above proposition, m{Vti) /^i^fYi 
converges as Z ^ 00. 

Let Cifi denote the local (first hit) map from Ig^(^Q^ to Ig^^Q-^ induced by fgi[e)- The convenience 
of using and as coordinates on and I" is seen in the following proposition. 
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Proposition 2.5 For each I > Iq and each 9 € [0, 1] 



where Rq denotes a rigid rotation by angle 0. 



^i,9 = K(e))-'oR^eoT^^,(,., (5) 



Proof. This follows from Proposition 2.1 and the definitions of ,o\ and t",^^ as the time vari 



ables for the embedding flow for fg^y D 

In addition to : ^ [0, 1] defined above, it is also convenient to define an extension, f^, by 

(j)'^^^\d) = X. 

Thus Tq : [d, a) [0, oo) and : [d, e] — > [0, oo) for 7 > 0. Furthermore, we will denote 

T^{x)=f^{x) modi 
wherever is defined. Similarly, is given by 

(j)^"' ^^\e) = X. 

Let Cj(7) = /*(c), i > 1. It follows from the assumptions that there is an integer j such that 
/q(c) G Iq. By choosing d so that /o(c) is in the interior of Iq we have that /7(c) G I^ for all 7 
small. Denote this point by 0^(7). It then follows that for any /, either 

Cj+lqil) e ^7 or Cj+(,+i),(7) G i:^. 

Denote this intersection of {^(7)} with /" by c"(7). Note that for a fixed I the function 9 
c^{gi{9)) will have a jump discontinuity at which the value will jump from one endpoint of I" to 
the other. Denote by 9f the point at which the discontinuity takes place. 



Lemma 2.6 There exists a limit 



lim 6*' 



As I — > 00 the sequence of maps 9 ^ c^{gi{ff)) converges in the topology on compact sets not 
containing 9^oo- 



Proof. This easily follows from Proposition 2.1 and the definition of gi{9). □ 



Specifically, we will make use of the implication that the derivatives of c"'{gi{9)) with respect 
to 9 converge uniformly as / ^ 00 for 9 in compact intervals away from the discontinuity. Later, 
this will allow us to make estimates of derivatives along {^(7)} which are uniform in /. 
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3 The saddle-node: global analysis 



In this section, we apply the local analysis near the saddle-node from the previous section to 
obtain expressions for global return maps. We study the occurrence of Misiurewicz maps for small 
parameter values. 

3.1 The Mather invariant and return maps 

We begin with a simple but, useful lemma. 

Lemma 3.1 W^{a) = [/o'(c), /o(c)]. 

Proof. Let N be the interval bounded by a such that fQ{N) = N. Consider 

M=U/oWoc(a)). 

i>0 

Note that M is an invariant set. We have f^{N UM) = NUM. If M does not cover [/q (c), /o(c)], 
then for some < i < q, foiN U M) is disjoint from N U M. This contradicts the assumption that 
/o is once renormalizable. □ 



We will use the freedom in the choice of e and take e so that c is not in 0{e). By this choice 
we have that c will be in the interior of /o(-fo) for some i. 

For 7 = 0, let G be the first hit map from to Wf^^ia) = [d, a). Define M : [0, 1] ^ M by 

and define M : [0, 1] [0, 1] by M = M mod 1. By identifying the endpoints of [0, 1] we may 
consider M as a map from a subset ^(M) of into M and M as a map from ^(M) = Z)(]VI) into 



S"*^. Following |Yoc95|, we call M the Mather invariant for /q. One may show that M is a modulus 
of smooth conjugation, in other words, it is invariant under differentiable changes of variables. 
For each r in the domain, 2?(M), of M and x £ Iq such that r = Tq{x) associate the integer 

R(t) = min [fn{xi)\. 

x,GO(x)n{a,/«(e)) 

Some X G Iq will return (perhaps many times) to (a,/Q(e)] before eventually being trapped in 
W^{a) = [d,a) and the function R : [0, 1] Z~ measures the depth of the deepest return. 
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Finally, to each r in the domain of M and the corresponding point x E Iq associate a positive 
integer 

N(r) = mm{i\f^ix) G W'ia)}. 
Given j, denote by V{j) the subset of V(M.) defined by 

V{j) = {r G P(M) : M(r) < j, |R(r)| < j and N(r) < j}. 

The points in (tq )^^(^(i)) G -^q those whose forward orbits enter Wf^^{a) in a bounded number 
iterations and which do not come too close to a in the process, either by re-entering Wl^^^^a) too 
close to a or by landing in Wi^g^{a) too close to a. Since the forward orbit of almost every x € Wl^^{a) 
has 0{a) as its omega limit set, the measure m{V{j)) may be made close to 1 by taking j to be 
large. 

We win let E = y^jZlfiiE), so that E is a neighborhood of the orbit of a for 7 = 0. Denote by 
e-i = (/t^'^Ie) (e) and 

E-' = [e-i-i,e-i). (6) 

Note that orbits associated with V{i — 1) do not reenter E^^ before they hit [d, a). Also note that 
for i fixed, the intervals E~'^ approach Eq'^ as 7 — 0. 

Consider the first return map, Kj^-y, of the interval E~^ and let ki^^ be the normalized map given 

by 

Identifying the endpoints of [0, 1], we may consider Kj^-y as a map on the circle. 
Proposition 3.2 Given any i, 



lim 



+ 0O 



^ 



for each < 6* < 1. 



Proof. Denote di = f^{d) and = [c/j, c/j+i). Let Qi^^ denote the global (first hit) map from 

to DHnduced by /-y. Let denote the local map. Note that Kj^-y is not equal to Ci^^ o 
since some points in E~'^ will return to E~'^ before hitting (by landing in [dj+i,e_i)). However, 
the two maps do agree when restricted to (r"| )~^{y{i — 1)) since those points will in fact hit 
before returning to E~^. Since we are only considering a finite number of iterations from to 
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D*, it follows from the construction of M that r/^ o Q^ .y o (r"^) converges to M on the restricted 



set V{i — 1). Proposition 2.5 then implies that, 

T^"o£,-^og,,^o(r^"|^-0~' (7) 
converges to R-e o M on V{i — 1). □ 

3.2 Misiurewicz maps 

In this section we will identify parameter values 9 for which /^^(e) maps the critical point c onto some 
repelling hyperbolic periodic point and thus c does not return to a neighborhood of itself, i.e. fgi{0) 
satisfies the Misiurewicz condition. There are two ways that hyperbolic periodic points can occur: 
as periodic points whose orbits pass through E, or as continuations of periodic points for 7 = 
(outside of E). In the former case, the periodic orbits exist for parameter values within subintervals 
of [7/+1, 7/] for each I. In the latter case the periodic orbits exist for all 7 > sufficiently small. We 
confine ourselves to a discussion of this case. We show that parameters for which c is mapped onto 
the periodic orbits under consideration occur in decreasing sequences {7;*} of values approaching 
as / ^ 00. Later we will show that such a sequence typically gives rise to the parameter sets 
predicted in Theorem 

Note that the assumptions on /o imply that the nonwandering set, Lq, of /o restricted to [0, l]\E 
is a hyperbolic set (see Theorem III. 5.1 in | MelStrO^ j ) . If a point x E /q is mapped onto Lq then 



M will have a discontinuity at Tq{x). By Lemma |3.1| , for any y* E Lq there is a point x* E Iq 
which is mapped onto y* by /q. Recall that 0^(7) E is the first point in the orbit of c that hits 
I^. Let TS = T§{c,m. 

Lemma 3.3 Suppose that is a periodic point contained in the nonwandering set Lq of [0, 1] \ E. 
Denote by y* the continuation ofyQ forj > 0. Letr* be a point of discontinuity o/M corresponding 
to yQ and suppose that 6* is such that Tq is mapped onto r* by [R^e* ° M)'^ o R_0* for some k > 0. 
Suppose further that 

Then there is a sequence of parameter values {ji}, 7f E [7/+i,7i], such that c is mapped onto y*, 
by iterates of fy* . 

Proof. The point 0^(7) = /7(c) is in for all small 7, and, = r^(cj(7)) approaches Tq as 
7 \ 0. Thus, c"(7) = fif'^^\c) E Let x* be the point in Iq which is mapped onto yg by an 
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iterate of /q. If A; = 0, then c^{gi{6*)) approaches x* as / ^ oo and (|8|) imphes the result. If 
A; > then it fohows there is an m such that (R-g* o M)*(r*) G V^m — 1) for ah < i < A; — 1. 
Applying Proposition p.2| to D"^ and E~"^ then implies that c"(Z, 6) is mapped by the A;-return map 



into E^^^,^ arbitrarily close the mg-th preimage of x* for / large. The result then follows from (^. □ 

The following corollary provides the parameter values which will be used in the proof of Theo- 
rem 

Proposition 3.4 Given any y* G Lq, there exists integers m > and Iq > and a sequence of 
parameter values 7^ G [7^+1, 7^], / > Iq such that 

ff^{c)=y;,. 

Further, there is a number 9* G (0, 1) such that 9i{^i) 0* as / — > 00. 

Proof. For each y* G Lq there is a point x* G Iq such that x* is mapped to y* by an iterate of 
/o. Let T* = T^{x*). If we let 9* = 1 - t* + t"^ then R-e*{T^) = t* and 

lL.(fl-.w)-^-) = i. 

Then Lemma |3.3| implies the result. □ 

4 Parameter values with bounded recurrence 

We start the proof of Theorem |A[ In this section we construct a set Q with positive density at 



7 = 0, so that fj for 7 G has bounded recurrence (see Definition 4.2; the definition is in terms of 
an induced map which is defined below) . We deduce that for 7 G has an absolutely continuous 
invariant measure. 

Considering for 7 G [7/+i,7i], we reparameterize and use the parameter 9 G [0, 1] defined by 
9i{(^) = 7) see Section |2|. Denote the resulting family of unimodal maps by fi^g. By Proposition |3.4 
there exists a converging sequence of parameter values 9^ = 9i{'yf) so that ffgt"^{c) is a hyperbolic 
periodic point. The map fi^g* is a Misiurewicz map and by an extension of Jakobson's Theorem, 



see Theorem V.6.1 in [MelStr93|, 9^ is a Lebesgue density point of a set of parameters 0/ for which 
fi^g supports an absolutely continuous invariant measure. Theorem |A| can be proved by establishing 
that the measure of Qi is bounded away from uniformly in I. Proposition guarantees that 



the union Uigi{Qi) has positive Lebesgue measure and positive density at 7 = 0. Combined with 
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the statement that fi^e, ^ £ Qi, admits an absolutely continuous invariant measure, this proves 
Theorem 

In the following section we define induced maps. The actual construction of the sets B/ is 



described in Section 4.3. 



4.1 Induced maps 

As before, a denotes a saddle-node periodic point of /o, of period q. We may assume that a is 
nearest to the critical point c of all points in 0{a), so that /g is a homeomorphism on (c, a). 

We may suppose that there is a periodic point zq G Lq and an integer j such that /o(e) = zq. 
Let z^ be the periodic continuation of zq and the continuation of eo such that fl^e-y) = z^. We 
will suppress the 7 dependence of e in the notation. 

Let E^Q be the fundamental intervals given by (e_j, C-j+i). Denote 

Eifi = U-^o-E^'g C E. 

Note that [di, e) C -Ej^e- Before proceeding with the definition and construction of 0;, we introduce 
an induced map fi^. 

Namely, fi^ will be defined from g in the following way, fi^ will equal fi^, except for points 
in Eifi. Points which fall in this set will be mapped ahead to the image of 7"^ = E'^q. That is, 

ke{x) = I '''' (9) 
I fifl{x), otherwise. 

Thus points in E are mapped by the first hit map to the interval fifi^Ifg). For 7 G {ji+ii^i)-, fi,e 
will have / + 1 discontinuities. Recall that for 7 > and x G [d, e) the function rfg is defined by 
T^{x) = 'f^(x) mod 1 where 



Observe that fi^e equals 



id) = X. 



fifi{x) = { ' '^'^'>' " (10) 

fi,e{x), otherwise. 

Write 
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Let /oo,e denote the map defined from /o in the following way. If x ^ -Eoo.e then foo,e{x) = fo{x). 
If x € (a, e) then foc,e{x) is given be the first hit map from (a, e) to /o(-^o) induced by /q. If 
X £ (d, a) n Eoofi then let Tq (x) be defined as above and let 

/oo,e(x) = /o o (ro")-i o o T^{x). (11) 

In other words, if x G (d, a) H £^00,0 then x is mapped to /o(-^o) using the time coordinate shifted 
by —9. Note that foo,e{x) will have countably many discontinuities accumulating at a from both 
sides. In (a,e) these occur at {e_j}^o- (^^j 0^) these occur at those x for which 

Proposition 4.1 For eac/i i/ie sequence of maps {fi,e}'^iQ converges to the map foofi, uniformly 
on compact sets which are disjoint from the discontinuities of f^oe- 



Proof. Given that fi^g satisfies (|10|) and /oo,e is defined by (|ll|), this follows from Proposition 2.5 



□ 



Observe that, with 6* and m as in Proposition |3.4| , f^g*{c) = y 



4.2 Iterating intervals 

In the following we will consider iterates of intervals. The map fi^e, Iq < I < 00, is discontinuous 
along backward iterates of e in E, so that the intervals in the image of an interval under fi g might 
be arbitrarily small, regardless of the size of the original interval. We therefore slightly adjust 
the definition of fi^g to avoid this problem. Consider an interval / C [0, 1]. For < i < /, denote 
/"* = InEfg and let J^'^i be the component of I\E adjacent to Efjj and the component of I\E 
adjacent to E^g. This yields a partition {/'}-z-i<j<i of / (elements of the partition can be empty). 
If the leftmost or rightmost nonempty intervals of this partition do not contain a fundamental 
domain E^g, — ^ — 1 < — i < 1, join them to the adjacent intervals. Note that if / is partitioned 
into two elements {/^*,/^*+^} neither of which is a fundamental domain, this leaves a choice in 
coding the resulting interval after /~* or 7^*+^. This way an interval / that covers one or more 
fundamental domains is partitioned into subintervals which are at least as large as a fundamental 
domain. Given x £ P C I, define 



fi,ei^'^^) 




if i = —1 or i = / + 1, 

fi}+\x), iio<i<i. 
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Note that as long as / does not cover a fundamental domain in E, fifi{-] I) equals some fixed iterate 
of fifi. Also note that fifi{I]I) consists of at most two components. We further remark that, if 
fiQ maps / homeomorphically onto E^q, then there is a fixed number N of iterates after which 
f^'^^{I;I) contains c in its interior. 
Define maps Fi and Fi by 

Fi{x,e) = {h,e{x),e), 

Fi{x,e) = ifi,eix),0). 

We would like to consider images Fi(0,9). As for single maps we come across the difficulty that 
fifi is discontinuous along the backward orbit of e in E. We consider the set T = {6* — e,6* + e). 
By a fundamental strip we mean a set {{Efg,9)}, 6 £ T. Consider a curve C = {x{9),6)} that 
projects injectively to [0, 1] by the projection (x, 9) x. Define C~* to be the intersection of C 
with the fundamental strip {{Efg,9)}, 9 £ T, and let C~'~^ be the connected component of C 
that is adjacent to and the connected component adjacent to C^. This defines a partition 
{C^'~^, . . . , C^} of C with possibly empty elements. If the leftmost or rightmost nonempty element 
of this partition does not cross a fundamental strip, join it to the adjacent element. This way a 
partition of a curve C that crosses at least one fundamental strip is obtained all of whose elements 
cross a fundamental strip. Define 

. , ( Fi{x,9), {x,9) £C-^-^UC\ , , 

[ Fi''+\x,9), if {x,9) E C-\0< i < I. 

4.3 Inductive constructions 

In this section the actual construction of the set @i is described. We make use of the induced maps 
introduced in Section 4.1 and for the rest we closely follow [ [LuzO0| | . 



Consider 9 near 0^* for a fixed value of /. Write 

c,{l,9) = fl,{c). 

Definition 4.2 For 5 > 0,a > 0, we say that fi g satisfies the bounded recurrence condition 
(BR)„ = (BR)„(a,5) if for all positive integers k <n, 



n \ci{l,9)-c\>e-''\ (13) 

Ci{l,e)£{c~5,c+5), 
0<i<k 

We say that fi^g satisfies (BR) if it satisfies (BR)„ for all n. 
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Similarly, we say that fi^e satisfies (BR)„ if it satisfies the equivalent condition on {ci{l,9)}. It 
is easy to see that if fi^e satisfies (BR)„ then so does fi^e, and vice versa. The next proposition is 
the main result of Section ^ and will be shown to imply Theorem 

Proposition 4.3 For every a > there exists 5 > 0, so that there is a set Qi of parameter values 
for which fi^, 6 £ Qi, satisfies (BR) and 



lim inf 

£\0 



\Qin{e* -e,ei + e) 

2e 



> 



for some a > 0, uniformly in I. 



By Proposition 2A, Lligi{Qi) has positive density at 7 = 0. Theorem ^ is shown by establishing 
that fi possesses an absolutely continuous invariant measure for 6 £ Qi. This is done more formally 



in Section 4.9, but the idea is straightforward: one shows that fi^o, G 0^, is a CoUet-Eckmann 
map (meaning that \Df^{f^(c))\ > KX^ for some K > 0, A > 1). This implies that also fi^, 9 £ Qi, 
is a Collet-Eckmann map, albeit with weaker expansion. Collet-Eckmann maps are known to admit 
absolutely continuous invariant measures. 



To prove Proposition O, we adapt the reasoning in [ LuzOC ], where Jakobson's result is proven 
using a variant of Benedicks-Carleson's proof. Below we will describe the constructions and show 
key estimates and computations that differ from those in |LuzOO|. After some preliminary work, 
the reasoning will follow [ LuzOC[| closely. We will therefore be able to simply refer to |LuzOO| for 
several of the more technical parts of the proof. 

Note that we must consider a sequence of families fi^o that tends to the family /oo,6» as / 00, 
see Proposition 4.1. It is instructive to compare with [ DiaRocVia96| ] where the analysis leads to the 
study of a sequence of families gi^g of smooth unimodal maps (renormalizations of /), converging to 
the logistic family as I 00. As they remarked, there are uniform lower bounds on the measure of 
the set of parameter values for which absolutely continuous invariant measures occur, for families 
from a neighborhood of the logistic family (and so for all large enough values of /). A similar 



situation was considered in | PumRod97 |. Following the reasoning below one can construct a set 
of parameter values for which /oo,e has bounded recurrence and show that this set has positive 
measure. In fact, the reasoning below constructs such sets, and uniformly bounds their measures, 
for families nearby foofi^ in particular for the families fi^ with / large. We concentrate on the 
families fi^e and formulate the results in terms of this sequence of families. 
We now start the constructions. For a positive integer r, let Ir 



-r+l 



[c + e c + e ^'^^) and 
c — e~^]. Let i be a small positive number. Given 6 > 0, write rs = — In 6 and 
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rg+ = —tin (5. We can suppose that rs and rg+ are integers. Let 

A = {C}U U Ir, 

\r\>rs+l 

A+ = {C}U (J Ir. 

\r\>rs++l 

Subdividing each interval Ir into subintervals, /r,m) of equal length provides partitions X of A 
and J+ of A+. 

Given x G A"*", write ijq = {c,x) (or (x,c)) and let rjj = //g(??o; Define the binding period of 
X as 

6*) = sup{m G N : |r?j| < e"^"-'' for all < j < m - 1} (14) 
. Suppose Ck{l,6) G A+ and define the binding period associated with Ck{l,9) as 

p{i,e,k) = qi{ck{i,e),e). 

For a fixed I, let a; be a subinterval of {6f — e, 9* + e). Denote 

LOi = UoFi{c,uj), 

where 11 is the projection Il(x,9) = x. If ujk intersects A, < k < n — 1, then k is called a return 
time for lu. Define the binding period associated with a return time of a parameter interval ui as 

p{uj,k)= min p{l,9,k). (15) 

Cfc(;,e)€A+ 

For each / let Vi^^ be the trivial partition {{9^ — e,9i + e)} of the parameter interval b[°^ = 
{91 — e, 91 + e). Inductively we will define parameter sets Q^^"^ and partitions Vi^^ thereof. In order 
to define "P^^"^ given P^^" , we first construct a refinement v['^^ of V^"" '^^ . 

We say that a return of u) at time A; is a hound return if there is a return time j < k oi cu and 
< j +p(tc;,j). Let to G 

Chopping times. We say that n is a chopping time for u if 

1. Un intersects A"*" in at least three elements of X"*", and 

2. LOfi is not a bound return for u. 
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Non-chopping times. We say that n is a non-chopping time for lo in all other cases, that is if 
one or more of the following occurs: 

1. w„n A+ = 0. 

2. a;„ is a bound return of lo. 

3. LOn intersects no more than two elements of the partition X+ of A+. 

- (") 

In case n is a non-chopping time for cj, wc let a; G "P^ . If n is a chopping time for lj we 
partition uj as follows. Write ujn D A"*" = Umo;™, so that each oj™ fully contains one and at most 
one element of If a;„\A+ contains an interval of length less then S'', we include this interval in 
the adjacent interval of X"*". Otherwise an interval of uJn\^~^ is an element of the partition of 
Write the resulting partition of Un as Un = U^o;^. There is a corresponding partition Um'jj"^ of lo, 

- (n) 

given by n o F"(c, w'") = o;^. Let each element of this partition be an element of Vi . Note that 

- (n) 

an element of Pi partitioning u need not be connected, but can consist of several intervals. This 
may happen if loj intersects Ei^g in at least two fundamental domains, for some j < n. 

Let u G and consider G . We speak of a bound, essential or inessential return 

time or an escape time for v in the following situations. 

bound return time: The interval Vn intersects A and n is a bound return time for u. 

inessential return time: The interval Vn intersects A and n is a non-chopping time for lo that is not 
a bound return time, but LOn intersects at most two elements of the partition I'^. 

essential return time: The interval f„ intersects A and n is a chopping time for lo. 

escape time: The return time n is a chopping time for u, but Vn does not intersect A. In this case 
we call v an escape component of u. 

Any interval v &Vi belongs to a unique nested sequence of intervals 

ej°^ = 1.(0) D 1.(1) D...D i/("-l) D !/(") = i^, 

where i.C^) G V^''^ for < k < n. If j is a chopping time for then f^^^ is strictly contained 

in z/(-'~i). Chopping times are either escape times or essential return times. 
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The return depth of v at time k is defined if V]. intersects A, as 

r = max{|r|, 0/^7^0}. 

Define functions 7^(") : p/"^ N and : N which associate to i/ G the sum of the 

return depths and the sum of the essential return depths, over the first n iterates 11 o F/(c, i/). 
Define 

ej") ={v^ p/"^ : f < an/10} 

and 



e(") 



The sets 



0. = n^r 



will be shown to satisfy the stated properties in Proposition 4.3 



4.4 Expansion 

Here expansion properties of the maps fi^^ fi^g and // ^ are discussed. We relate expansion properties 
of these maps. In Section 4.4.2| we prove a Marie type result for fi^g, that is, we show that there is 



expansion along orbits outside a neighborhood of c. 
4.4.1 Expansion for induced maps 

The relation between expansion along orbits of fi^o, fi^ and fi^ is discussed in the next two lemma's. 

Lemma 4.4 // there exist C > 0, A > 1 such that |D/"g(x)| > CA" for all n > 0, then there are 
Q > and Xi > 1, so that \DfJ^g{x)\ > QX^, for all n>0. 

Proof. Write flgix) = /fg*^ o fPj'^\x) with k{i) minimal such nonnegative integer. Compute 

|i?/(,(x)|>min|Z?/g^)|C(A™«/^r- 

Now k{i) > implies that the piece of orbit f^J"^\x), . . . , fiQ'\fi^Q^\x)) is in E. Since c ^ E, the 
term \Dfifi\ is bounded below in E. Further, k{i) is bounded above by (/ + \)q since any point in E 
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is mapped outside of E in {I -\- l)q or fewer iterations. Therefore the quantity {Df^ g \ is bounded 
from below by a constant A- Thus, \Dflg{x)\ > CDi{a"'^^/')\ We can let Q = CDi. Since there 
is a minimum number of iterations of fi^g needed for an orbit to enter E after leaving and the 
number of consecutive iterations in E is bounded above by + it follows that the fraction m{i)/i 
is bounded below by a constant di > 0. Hence, strictly larger than some number ai > 1. □ 



Similarly one derives the following lemma relating expansion of fi^g to expansion of fi^g. 

Lemma 4.5 // |Z?/"g(x;/)| > CA" for some C > 0, \ > 1, then there are constants C > and 
X > 1 so that |-D/;"g(x)| > CA". The converse statement holds as well. 

Given a subinterval / C [0, 1], write figix; I) = fl'g''\x). Then k{j)/j is bounded and bounded 
away from 0. In fact, if Ei^g is small, the quotient k{j)/j will be close to 1 for large values of j, 
since there is then a large number of iterates between any two passages through Ei^q. Observe that 



for Eig small, A in Lemma L5 is close to A. Write Ci{l,6) = flg{c) and Ci{l,6) = fig{c;I). Let 



Cj{l,0) = CfcQ)(/,0). Then the bounded recurrence condition 

n m,e)\>e 



ak 



c,{i,e)e{c-5,c+5), 

0<i<k 



where k = k{j), translates into 



n \c^{l,0)\>e- 



Caj 



Ci(l,e)&{c-5,c+5), 
0<i<j 



for a constant C which bounds k{j)/j from below. If Ei g is small and j is large, then C is close 
to 1. Hence, when translating the bounded recurrence condition for fi^ into one for fi^, an almost 
identical condition is obtained. A similar remark can be made for Fi and Fi. 



4.4.2 Mane's Theorem for induced maps 



The following proposition is central and provides exponential expansion of iterates of fifi that stay 
away from the critical point c. The estimates are uniform in {1,9). The proposition is modeled 
after Theorem III.6.4 in [MelStr93], which treats families of smooth unimodal maps. 
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Proposition 4.6 There are constants e,C > and A > 1, and a neighborhood W of c so that for 
any neighborhood U of c with U C W and each large enough integer I, the following holds. For each 
\e - ei\ < e, if ^UforO<j<m-l and ^"^(x) G W, then 



If figix) U for < j < m — 1, but not necessarily f[^ £ W , then 



Dfrei^] 



> CA™ inf 

jr'=0,... ,m— 1 



DfiAfJei^)) 



Moreover, if fin{x) W for < j < m, then 



Dfreix) 



We will make use of Koebe's principle, which we quote here. See |MelStr9S] for the proof 
and additional information. Let U C V he two intervals. We say that V contains a (5-scaled 
neighborhood of U if both components of V\U have at least length d\U\. 

Definition 4.7 The distortion of a diffeomorphism g on an interval I is defined as 

\Dg{x)\ 

sup -— -. 

x,yei \Dg{y)\ 



Theorem 4.8 [Koebe principle] Let f have negative Schwarzian derivative and let U be a neigh- 
borhood of f in C^. Then for each 5 > 0, there exists K < oo so that g £U, if I C J are intervals, 
g"! J is a diffeomorphism and g^{J) contains a 6-scaled neighborhood of g^{I) then the distortion 
of g^\i is bounded by K. 

A useful property of maps with negative Schwarzian derivative is the following principle, see 



|MelStr93]. 



Theorem 4.9 [Minimum principle] Let f be a map with negative Schwarzian derivative on a 
closed interval I = [a,b]. If Df does not vanish on I, then 



\Dfix)\ > mm{\Dfia)l\Dfm 



for all X £ I. 



The following lemma is similar to Theorem III.6.2 in [MelStr93|. So is its proof. 
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Lemma 4.10 There are constants K > 0, < p < 1, so that for all large enough I the following 
holds. Let Im be a maximal interval with fj^* | a homeomorphism. Then 

\Im\ < Kp^. 

Proof. Denote 0{c) = {fl 0*{c)}i>Q. The number of elements in 0{c) is fixed. There is also 
a minimum distance between any two points in 0(c), uniformly in I. Thus we may let be a 
neighborhood of c such that 0{c) r\W = ^ for all /. Similarly, 0{e) = {fl Q*{e)}i>Q is a finite set. 

Let Jm be a maximal interval on which /"g, is a homeomorphism, but /"g^"*^ not. Let 
be the subintervals of J„j on which //^^""^ is a homeomorphism. The boundary points of f[g*{Jrn) 
are contained in 0{c) U 0{e). Since d{c) and d{e) finite, all intervals ( Jm), /;"^t^(j;,+i) have 
lengths which are bounded below uniformly in I. Applying the Koebe principle (to fi^e*) one checks 
that there is a constant r < 1 with 



J, 



m+1 1 



< r. 



Further, since 0{c) and 0{e) are each finite it is clear that //^t^ 



■'m+l 



is not a homeomorphism 



for some uniformly bounded k. The result follows and it is clear that the constants can be chosen 
uniformly in Z. □ 

The next proposition discusses expansion properties of for 9 = O^. 

Proposition 4.11 For any small enough neighborhood W of c, there are constants C > and 
X> 1, so that the following holds for all I sufficiently large. If fiQ,{x) W for < j < m—1, then 



Dfiy^ix) 



Iffl^g.{x)eW, then 



DfJ:eAx) 



Without any condition, 



DfteA^) 



> CX^ inf 

j=0,... ,m—l 



Proof. Let 1^ be a neighborhood of c, small enough so that fiQ*{c) fl = for i > 0. 
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We claim that there are C > 0, A > 1 so that for all large enough integers I, if fig{x) W for 
< j < m - 1, then \Dfl^g,{x)\ > CX^ . It suffices to show that there exists M with |L>/*|.(x)| > 1 
(compare the proof of Theorem III. 3. 3 in [ MelStrO"^ ) . Assume there exist points Xm S [0,1] 



with f^gt,{xm) W, < j < m — 1, and \Dff^,{xm)\ < 1- Since fi^o* has negative Schwarzian 
derivative we have that on one side of Xm, \Dffl*{x)\ < 1. Let Hm be the maximal interval 
bounded by Xm so that is a homeomorphism on Hm and Dff^,{-;H. 



< 1 on Hn 



This implies that \fl^*{Hm; Hm)\ < \Hm\- Let ym be the other boundary point of Hm- Then 



either fl'jT\ym; Hm) = c or fl'gT\Hm; Hm) = e, for some k{m). In both cases, \fl'gT\Hm; Hm)\ is 
bounded away from 0. By lemma |4.1C| , \Hm\ < Cp^ is small as m is big. Since \f[^,{Hm', Hm)\ < 
\Hm\, also f[l,{Hm'-,Hm) is small for large m. The interval fl'gT\Hm'-, Hm) has length bounded 
away from 0, say \ fl'gT\Hm', Hm)\ > 5- It follows that m — k{m) tends to oo as m ^ oo. In fact, 
if D denotes the minimum of \Dfi^0*{-\ ■)\ over [0, 1]\VF, then 

m-k{m) > \n{Cp^/5)/\nD. (16) 

Lemma pO| yields that \fijT\Hm; Hm)\ < Cp'^-'^M, so that 

m-k{m) < ln{6/C)/lnp. (17) 



Now (16) and (|17| ) contradict each other, proving the claim. Observe that M and hence the 
constants C and A can be chosen uniformly in /. This proves the first estimate. 

Next, suppose fi^g*{x) £ W. Let Hm be the maximal interval containing x such that //^(s Hm) 
is a homeomorphism on Hm- Because the orbit of c is finite, the interval fl^{Hm', Hm) extends a 
positive distance away from fJ^{x;Hm) to both sides. Koebe's principle implies \Df^i^{x; Hm)\ > 
CX^ for some C > 0, A > 1 which gives the second estimate. 

Finally, not assuming any condition, split the iterates x, . . . , f[g{x) into a part that ends in W, 
one iterate starting in W, and a part that stays outside W. Combining the first two estimates for 
the first and last part, proves the last estimate. □ 



Proof of proposition 4.6. As in the proof of Theorem III. 6. 4 in [MelStr93|. □ 



4.5 Parameter dependence 
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Proposition 4.12 There are constants C,e,K > so that for all large enough I the following 
holds. If \9 - 9l\ < e, k > K and 



\{ftenfiAc))\ > e 



Xk 



then for all k > K , 



1 

— < 



< C. 



C ~ \{ft,e'yifiAc))\ 

Proof. Let x{l,6) be the continuation of fifi*{c) for 6 near given by ffQ^{x{l,d)) = yfg (where 
y^g, is the hyperbohc periodic point from the definition of Oi{'Ji) = B^). Then Proposition |2.5| 
imphes that 



K 



< 



d 

de 



{x{l,e)-fleic}) 



< K, 



(18) 



for some constant K > I. Writing /fg (/z,6»(c)) = /fg {x{l,6) + fi^e{c) — x{l,6)), the chain rule 
gives 



dO 



ftfiifiAc)) 



Now ^fl'-\xi{l,e)) 



d „,* 



■^Vig is arbitrarily small for / sufficiently large. By (|lq ) and the 



exponential growth of (/f£)*^)'(/«,6»*(c)), the statement of the proposition holds for 
By the chain rule, 



ifte'nfiAc)) = fieifLo'mfie'nfiAc)), 



It follows that 

wfiA^^ 



^ftA^) 



ifte'nfiAc)) {ftA'YifiAc)) 



k-2\ 



fieifto\c))ifteHc) + UAfte'i-)) MA^) 



k-l, 



ek-l. 



fioifteHcmte'yUiAc)) 

■mfiAfi,B^{(^)) 



Cfte^UiA^)) 



{fte'nfiAc)) 



By assumption, |(/;'^g)'(/i,6i(c))| > e'^'^ for k > K. For each positive integer K, there are constants 
C, e so that 



1 
C 



< 



<c, 
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if \e 



< e. Hence, 



{fte'yCkeic)) 



for 161 



(^5-')'(//..(c)) 

Q\\ < £. The constant is small if K is large. The proposition follows. 



□ 



4.6 Binding 

The next proposition is also used in Section |5| to show the existence of absolutely continuous 
invariant measures of fi^e for e £e. The binding period of a; G p/"^ is defined by dH), (||). 

Proposition 4.13 There exist constants A and (3 < 1 such that the following holds. Let < k < 

(n) 

n — 1, CO £ Vi and suppose that k is an essential return time for to with return depth r. Then the 
binding period p = p{uj, k) satisfies p < 2r. We have 



Df[;Hck{i,9)) 



> 



Furthermore, 



Recall that % = {c,Ck{l,6)), or {ck{l,0),c), and rjj = /^■'^(r/o; The next lemma implies 
bounded distortion of iterates of on rjQ during the binding period. The lemma is an ingredient 
for the proof of Proposition 4.13| , as in |LuzOC]. The proof of the lemma differs from |LuzOO|; 
distortion estimates for a passage through have to be treated separately. The remainder of the 
proof of Proposition 4.13 is as in 



Lemma 4.14 For yo,zo G ryo, 



for < i < p and for some K > 0. 



Dftgiyo;vo) 



DfUzo;rjo) 



< K, 



Proof. Write yj = //g(yo;%) and zj = //g(zo;%)- By the chain rule, 



DfUyo^m) 



Dflg{zo;rjo) 



i-l 



TT Dfi,e{yj;vo) 
j=o Dfi,e{zj;vo) 




Dfi,e{zj;rio) 
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If r]j lies outside Ei^o, then ??o)| is bounded by a constant C > and 



\Dfi,e(.yj;Vo) - Dfi^g{zj;rio)\ < C\r]j\. 

If Zj,yj G Ei^g, we can write zj = <^fe(yj). Thus fifi{zj]m) = 4>ifi ° fi,e{(pt,e(.yj)'^'no)- Using this, it 
follows that again \Dfi^g{yj;r]o) — Dfi^g{zj;rjo)\ < C\T]j\ for some C > 0. Hence, 



Dflg{zo;r]o) 



< e 



E;iiin(i+c 



-D/i,e(zj;'7o) 



< e 



-D/;,9(zj;'7o) 



We proceed to estimate l^j=o 



By the definition of binding period. 



\rij\ < e 



-2a j 



(19) 



The bounded recurrence assumption implies that \ck — c| > e Write fi0{c; rjo) = c^^i^j)- If Ei^ is 



small enough, we have k{j) < |j (see Section 4.4.1 ). We may hence assume that \ fi0{c;rio) — c| > 
e-t"^'. It follows from this and (|l|) that |zj - c| > e't"^' - e'^^^' = e-t"^(l - e"!"-'). Further 
|-D/z,6»(-Zj; %)| > C'l-Zj — c| for some C > 0, so that 

\Df\eizf,7jo)\>Ce-l"\ 



for some C > 0. Combining (|l9| ) and (20) shows that ^ 



uj=0 



1j 



(20) 



is bounded, thus proving 



the lemma. We remark that the distortion bound is close to 1 if |^ — O^l is small. This follows 
from the observation that fig{r]o', Vo) is outside a neighborhood of c, where it undergoes exponential 
expansion, for a large number of iterates. □ 



4.7 Induction 



The main results from the previous sections are Propositions 4.6, 4.12, 4.13. These results have 



their counterparts in proofs of the work of Benedicks and Carleson. From this point on, we can 
follow [ LuzO0| ] closely. For completeness we sketch the remaining steps leading to the proof of 
Proposition in the next two sections. 

In the inductive constructions, the following two propositions are shown to hold. The proofs 



are as in |LuzOO|, relying on Propositions 4.6, 4.12, and 4.13 
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Proposition 4.15 [Bounded recurrence] Each point in 0^"^ satisfies (BR)„. 

One shows that in fact 7^fV) < < k < n, ii 9 e e["\ That is, a substantial 

proportion of the returns are chopping times. By assumption, £^^\'^) < ak/10. Hence, TZ^^\j) < 
ak/2. As in [ LuzO0| ] one shows that this bound impHes (BR)„. 



Proposition 4.16 [Bounded distortion] Restricted to a connected component of u ^ Vi"'\ the 
map Cj is a dijjeomorphism with uniformly bounded distortion for all j < v+p+1 where u <n is the 
last essential or inessential return time of uj and p is the associated binding period. If n > u+p+1 
then the same statement holds for all j < n restricted to any subinterval uj such that uJj C 

4.8 Combinatorial estimates and measure bounds 



For the proof of Proposition 4.3, combinatorial properties of V^'^^ are studied. Escape times play a 



central role in this study. The combinatorial properties described next are used at the end of the 



section to prove Proposition 4.3. 

To each cu G V^""^ is associated a sequence = tjq < rji < . . . < rjg < n, s = s{uj) of escape times 
and a corresponding sequence of escaping components uj C lu^^"^ C . . . C w*^^"-* with cj^''*) G vf^''\ 
Let UJ* = uj^^^^ for 1 < i < s and uj* = uj for s + 1 < i < n. This defines uj* for each < i < n. 

(n) 

Observe that for uj,u £ and < i < n, the sets uj* and v* are either disjoint or coincide. 
Define 



Q\' = U 



a;,- 



and let 



Q? = wn 



(i) (n—1) In) 

be the natural partition of into sets of the form uj*. Observe that O^ = Q ^ C . . . G 
qf^ = ej°^ and q["^ = For uj = uj* e Qf\ < i < n - 1, let 

Qt'Huj) = [uj' = ujU,GQf'-'^; uj'cuj}. 

Denote by Qf^^\uj) the partition Qf+^^ restricted to uj. Define pf"^^^ : Qf^'^\uj) ^ N by 

Vf+^\uj') = e'f^+'Xuj') - e^^^Xuj') forO<i<s, 
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and P^^*"''^'' = for i > s. Let 
Proposition 4.17 



for some rj > 0. 



Proof. One can take —r] = 10^ — 1, which is negative for a smaU enough. The proof divides into 
two parts. One bounds the cardinahty of Qf \uJ,R) by e^^ and one shows that for any lo G Q[*\ 
< i < n - 1, and w G Qf~^'^\uJ , R) , one has |u)| < e^^'^ Combining the two statements 

proves the proposition. For the proofs one can follow ULuzOd] . □ 



Lemma 4.18 



Proof. The equality follows immediately from the definitions. For the inequality, let < i < n, 

(i) 

uj £ Qi and write 



Proposition 4.17| (with the remark from its proof that —i] = 10/? — 1 with [3 = a/X) implies 



so that 

i(0 



\UJ\ 



< e^/'^^lwl, (21) 
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assuming that /? has been chosen smah enough and rs large enoug h. Since = + . . 



(n-l) 



and is constant on elements of Q[^\ we have 



^ e^<"'H/2|^| 



Applying p^) repeatedly gives 



^ e£("'H/2|^| < e3nA,|0{o)| 



□ 



Observe 



Chebyshev's inequality and Lemma 4.18| yield 



Q(n-l)\0(n) 



< g-an/20 



/2 



(n-l) 



(0), 



< e" 



V3O|0(O) 



i I' 



if rs is large enough. This implies 



V3O|0( 



Write ef'^ = {e*i - e, + e). For e smah, there exists N so that G^^ = 9^^^^ for all j < N. Hence 



101 



> 



-ai/30 I 1 0(0) 



i=7V 



Noting that |0|''^| = 2e, for all I, it follows that a uniform lower bound for m{@i) exists. This 



concludes the proof of Proposition Since N goes to oo as e — > 0, we have also shown that Of is 
a Lebesgue density point of 0;. 
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4.9 Proof of Theorem ^ 

In the previous sections it was proved that fi g has bounded recurrence for a set of parameter values 



d Qi with measure bounded from below, uniformly in /. By Proposition 2A, this implies that 
^ = ^igi{&i) has positive measure and has positive density at 7 = 0. 

The following proposition implies that fi^g, 9 £ Qi, has exponential expansion along the orbit 
of fifi{c). The proof is as in [ LuzO[l(| . 



Proposition 4.19 If 6 is close to 9^ and fi^ satisfies (BR)^, then 



for some C > 0, X > 1. 



Combining Proposition 4.1£ with Lemma 4.4, gives 



Proposition 4.20 For each j £ Q, there are C > 0, X > 1, so that 



Df!;if,ic)) 



> Ce^^. 



Thus f-y is a Collet-Eckmann map if 7 G 0. Collet-Eckmann maps are known to admit absolutely 
continuous invariant measures, see Theorem V.4.6 in |MelStr93| ] . This concludes the proof of 
Theorem^, except for the conclusion that supp(i^^) = [/^(c), /^(c)], which we postpone until the 
next section. 



5 Intermittency 

In this section we study intermittent time series of at parameter values 7 for which admits 
an absolutely continuous invariant measure. A proof of Theorem ^ is in Section For the proof 
one needs to know the (average) length of the relaminarization phase. The relaminarization phase 
is studied in Section I 



5.1 Invariant measures and intermittency 

In the previous section we constructed a set of parameter values with positive density at 7 = 0, 
so that has bounded recurrence (see Definition 4^) for 7 G il. By Proposition 4.2C| , the bounded 



recurrence condition implies the Collet-Eckmann condition stating that |L'/"(/-y(c))| > CA" for 
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some C > 0, A > 1. It is known that a map f-y satisfying the Cohet-Eckmann condition, possesses 



an absolutely continuous invariant measure, see | MelStr93 |. Because we need bounds on the density 
of the invariant measures in our discussion of intermittency, we give an alternative way to produce 
invariant measures following [ you92} | . (See also [R,yc85] and piycSorO"^ ] ) 



Proposition 5.1 For j £ il., fj possesses an absolutely continuous invariant measure Dj. There 
is a constant K > not depending on 7 so that for any Borel set A, 



v^{A) < KyJm{A). 



The support of equals [/^(c), /^(c)]. 



Proof. By Proposition 4.13 , the binding period p{x) defined near c satisfies 

(i) p{x) < —Cln \x — c\ for some C > not depending on 7, 

(ii) \Dfi,{f^{x))\ > CX^ for some (7 > 0, A > 1 and for all < j < p, 

(iii) \Dfy{x)\ > aP for some a > 1. 

Outside the domain of definition of p, let p = 1. Define the return map Rj on [0, 1] by 

R,{x) = /P(-) 

For any K > and all 7 G $7 we may assume that p| ^ is bounded from below by K, by taking A 



smah enough. By Proposition 4^, if x, . . . , /™ ^{x) ^ A and fl^{x) € A, then > Cy 



for some C > 0,A > 1. As stated in Proposition the constant C does not depend on A. By 
taking A small, CX^ > 1. It follows that some power of R-y is expanding. The first part of the 



proposition follows as in the proof of Theorem 1 in | You92|. We sketch the necessary arguments to 
make clear that the constant K does not depend on 7. Details are left to the reader. The measure 
is constructed by finding its density as a fixed point of a Perron-Frobenius operator P^. Define 

1 



1 if^yix) 



Note that 
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Let gn ■ [0,1] — > M be the function gn{x) = where /" is continuous and gn{x) = 

elsewhere. One shows that the variation of gn is bounded, uniformly in n and 7. This relies on the 
negative Schwarzian derivative (see [ You92| ] ) and the analysis of the local saddle-node bifurcation 



in Section ^ (see Proposition |2.ip . By induction the variation of g^ is bounded. Using the uniform 
bound on the variation of g-n, one bounds the variation of i-*"(/> for a density (p with bounded 
variation. It follows that P-y has a fixed point with uniformly bounded variation. 

If denotes the measure whose density is the fixed point of , then i)^ is obtained by pushing 
forward 

00 k—l 
k=l j=0 

where is the set on which = The uniform bound for i>j follows from the properties of 
Rry, as in |You92], see also | HomYouOO |. 



That the support of equals all of [/^(c), /7(c)] follows as in Theorem 2 in [|You92|] . It relies on 
the fact that, if 7 G il, then for each interval / C [0, 1], there exists n so that [/^(c), /'y(c)] C fl^{l)- 
The necessary topological expansion at 7 = is guaranteed by Lemma |3.1|. □ 



The invariant measure for fy is constructed by pushing forward Dy. Recall that Ey = u[^qE * 
with E'' = {f\E)~'Hl^)- Let 

I kq-l 

i?y{A) = p,(^n([o,i]\^,)) + ^ j;p,(/-(^)ni?-'=). 

fc=0 i=0 

This measure is obviously finite and can thus be rescaled to a probability measure v-y. 

Lemma 5.2 The measure Vy, j £ is an absolutely continuous invariant probability measure for 
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Proof. To prove that i^^ is invariant for recall that /^| = fi'^ and f-y equals f-y outside E^. 
Compute 

I kq~l 

v,{f-\A)) = v,{f-\A) n ([0, i]\^,)) + ^7(A"'(^) n E-^) + 

k=0 i=l 

I 

I kq-1 

= v,{f-\A) n ([0, i]\^,)) + Mf^'(^) n E-'') + 

k=0 i=l 

I 

Y,i^,Cf-\A)r^E~^). (22) 

fc=0 

By invariance of P-^, u^{f-^{A) n ([0, 1]\^^)) equals D^{A n ([0, 1]\^^)) and Y!k=o Mf^H^^ ^ 
E~^) equals X^^^q ^''y{A^^E~^) . The right hand side of ( p2D therefore is i>^{A), showing /^-invariance 
of and thus of z^-y. □ 

The following proposition serves several purposes, it is used to provide estimates for the average 



length of laminar and relaminarization phases. Its proof will be postponed to Section 5.2. 



Proposition 5.3 Let V he a small neighborhood of c. For x € [0,1], let Ly he the number of 
iterations under f-y required for x to enter V. Then there is L > so that for all 7 G ^2, 



/ Lvd9.,/i).,{[0,l]\V) < L. 
J\o,i] 



[0,1] 

Corresponding statements for the study of the boundary crisis bifurcation are contained in 
I HomYouOO| ] . Note that V need not contain E^; a similar statement where is replaced by 
is therefore untrue. However, Proposition |5.3| has the following corollary which deals with 
Paraphrasing, it shows that a typical (with respect to the invariant measure z^^) point x E [0, 1] 
needs a bounded number of iterates to enter E^. 

Proposition 5.4 For x £ [0,1], let he the number of iterations under f^ required for x to 
enter E^. Then there is L > so that for all 7 G il, 



/ L.di^.,/u^i[0,l]\E^) < L. 
J[o,i] 
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Proof. At 7 = 0, /o is renormalizable: there is an interval V containing c in its interior and a in 
its boundary, so that /g (I^) C V. By shghtly extending V, we may assume that it contains for 
smah values of 7. The result follows from Proposition |5!^ by noting that outside E.y, equals □ 



We will now show how Theorem ^is proved by combining Propositions 5.1, 5.3 and ^.4| 



Proof of Theorem ^. Let Cl be as constructed in Section | and take 7 G $7. Let be the 
absolutely continuous invariant measure for obtained in Lemma fi.2\ The measure i'^ is ergodic, 
so that by Birkhoff 's Ergodic Theorem, 

m—l 

lim = u^{A), (23) 

i=0 

for any Borel set A C [0, 1] and almost all x £ [0, 1]. It follows that also 

m— 1 

hm = D^iA). (24) 

i=0 

Hence, for almost all x £ [0,1], the distribution with which points in the orbit {/^(x)} are in 
is given by P^. Let / be a compact interval in [d,a). If y is a neighborhood of c, then by 



|2^ ) and applying Proposition 5.3, the measure I'jiV) of V is bounded from below by a positive 



constant, uniformly in 7. Observe that by invariance of P^, ^^{f^iy)) > i>j{V), k > 0. Therefore, 



the measure i'-y{I) of / is bounded from below by a positive constant, uniformly in 7. An easy 
computation shows that for any compact interval I inside [d,a), the number of iterates needed for 
a point X £ I to leave E^ is bounded from below by Kj for some > 0. It follows that the 
average duration of orbit pieces of in E^ is bounded from below by Kj ^ for some -fC > 0. 



Combining this with Proposition 5.4 proves the upper bound on Xe^I) iii Theorem |B|. The lower 
bound is a trivial consequence of the fact that there is always a positive number of iterates between 
two laminar phases and that the maximum number of consecutive iterations in E is bounded above 
by K' I for some constant K' . 

The argument to show that z/^ converges weakly to vq is similar. By definition of P^, 

/ 

v,{E-^)=Y,v,(E-^). 

k=j 

Reasoning as above one shows that D^{E^^), < j < /, is bounded from below, uniformly in 7. It 
follows that D^{E^) gets arbitrarily large as 7 ^ (because then / — > 00). Since ^'^([0, l]\i^'7) = 
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i>^([0, 1]\-E'7) is obviously bounded, ^^{E^) — > 1 as 7 ^ 0. Because this holds for any neighborhood 
E^, this shows that z^^ ^ fo as 7 ^ 0. □ 

5.2 Relaminarization 



Purpose of this section is to indicate a proof of Proposition 5.3. To introduce the reasoning, we 



start with an alternative proof for Proposition 5.4, which does not derive it as a corollary to Propo- 



sition 5.3 



Proof of Proposition 5.4. We claim that i>^{{[0,l]\E^/) is bounded away from 0, uniformly 



in 7. To establish the claim, note that / ([0, IjyE'^) and [0,l]\i?'y together cover [0,1]. By /, 



7" 



invariance of D.y, the measures of both sets are the same, and, since they add up to at least 1, 
are bounded from below by ^. The normalized measure Uj/uj^OjlWEj) equals i>^/i'j{[0,l]\E^) 



outside E^. Therefore, applying Proposition 5.1, it follows that a uniform bound of the form 



u^{A)/u^{[0,l]\E^) < K^m{A) (25) 

holds for Borel sets A C ([0, \\\E^). 

At 7 = 0, /o is renormalizable: there is an interval V containing c in its interior and a in its 
boundary, so that /q(I^) C V . By slightly extending we may assume that it contains E^ for 
smah values of 7. Write V = V K^ fy{V) U • • • U f!^'\V). Write O for the union of V and those 
intervals in /■y'^{V) that contain a critical point for see Figure ^. Because any point in 0\E^ 
either enters E^ in a uniformly bounded number of iterates (q), it suffices to prove the proposition 
with E^ replaced by O. 

Of course, also for Borel sets A C [0, 1]\0 a uniform bound of the form i'^{A)/i'^([0, 1]\0) < 



Ky/m{A) holds. Let : [0, 1]\0 O denote the restriction of to [0, 1]\0. By [ piaYor79| ], 
possesses a conditionally invariant measure ^7! C7 is characterized by 

C,{A) = c,{h-\A))/c,{h:;\[o,i]\o) 

for Borel sets A. Moreover, (^^ is absolutely continuous with respect to Lebesgue measure and has 
density bounded and bounded away from on its support, uniformly in 7. Say 

^m{A) < C,{A) 
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Figure 4: This figure illustrates the proof of Proposition It shows the third iterate of a unimodal 
map at or near a saddle-node bifurcation. Projected on the left side of the box are the intervals 
that make up N. Projected on the bottom one finds O. 

for Borel sets A. Write (/i^)*C7 = P-yC"/ foi^ some < (3^ < 1. Since m{0) is bounded from below, 
is bounded away from 1. Applying (p^), 



It follows that 



[ Lodiy^ = y^u^{h-\[0,1])) 



'[0.1] i>l 

is bounded uniformly in 7. □ 



Proof of Proposition |5.3| . Let N be the interval containing c so that /o(iV) = N. We may 



assume that V C N and V D = 0. Given V, let V = UIZofj'{V) D f^'\N) be the union of 
the interval in N that are mapped onto V by iterates of Write O for the union of V and those 
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intervals in f-y '^{V) that contain a critical point for Restricted to V, f-y equals f^. Include 
into O the set of points f^''{fj{D)), where D is the set of discontinuities of Write for the 



restriction of to [0, 1]\0. By Proposition Lt, some iterate of is expanding. Observe that 
the number of branches of h-y is constant for 7 G [7^+1, 7i], but increases with / since the branches 
of /-^ - are included. For fixed I, Proposition |5^ follows for 7 € [7^+1,7;] n as in the above 
indicated alternative proof of Proposition To obtain uniform bounds in /, we must investigate 



properties of conditionally invariant measures for h^. Following [PiaYor7£], there is a conditionally 
invariant measure for h^; is characterized by 

C^{A) = c,CK\a))/c,CK\[o,i]\o). 



The proof of Proposition 5.3 is identical to the above proof of Proposition 5.4, once Lemma 5.5 
proved. 



IS 

□ 



Lemma 5.5 Let hy be as in the above proof of Proposition \5. Sj . The density of the conditionally 
invariant measure C7 for h^y is bounded away from uniformly in 7. 



Proof. By Proposition 4^, an iterate h^ of is an expansion. Hence, the existence |PiaYor79| 



of the conditionally invariant measure follows from [PiaYor7£]. To derive bounds on its density, we 
must examine the existence proof. 

The conditionally invariant measure is constructed by finding its density as a fixed point of 
a Perron- Frobenius operator. Write C([0, 1]) for the set of positive continuous functions g on [0, 1] 
with -j^j g((im = 1. Near a point x G [0,1], h^ has a number of inverse functions Tpi. Define a 
Perron- Frobenius operator on C([0, 1]) by 



P-y9{x) = V Wi{x)\g o i^i{x)/ / gdm 



A fixed point of P-y is the density of a conditionally invariant measure. It is shown in | PiaYor79 | 
that P^ possesses a unique fixed point and that for each g S C([0, 1]), 

hm P:;g = i^. (26) 

The fixed point is the density of the measure ^7- 

For a Lipschitz density g, let the regularity of g be given by 

Reg g = s\xp{\g{x)\/g{x)] x G [0, l],5'(x) is defined, > 0}. 
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We will show that 



limsupReg P^g < /9, (27) 

n— >oo 

for some p independent of g. We remark that from p-^iaYor79 | one concludes that such a bound 



holds when 7 is restricted to an interval [7^+1,7;] (see also [ LasYor8l[ ] ) . Their arguments do not 
imply (p7|), the difficulty being the growth of the number of branches of as 7 — > 0. 
To evaluate Reg P-yg, compute 



Pjg{x) 



< 



< 



\E^W,{x)goMx)]'\ 
IEiV'i'(a;)ffo Vi(x)| 



MM 

max 



+ 



+ max |(/>i(rE)| 



Ei i^i{x)goi;i{x) 
9' °A{x) 



9°ipi{x) 



In the last step, we used that | E E — maxj |aj/&i| for numbers aj and positive numbers hi. 



We claim that max, 



is bounded, uniformly in 7. This is clear for x outside E^, where tp[ is 



bounded away from and "ijj'l is bounded. Take x G i?^ and consider the inverse branch ipi provided 



by the flow of the adapted vector field (p^ (see Proposition 2^). Thus ^4L{xo) = 4>^{4L{xo)) 



To bound \^p'-\/tp^ we consider the flow 
solution of 

|4(xo) 



for negative t. Let J* = ((/)*)'7(0l 



Then J* is a 



<^1(.0)('^7)'(^0). 



(28) 



For 7 small, (p" is close to 0q, which is nonzero by assumption. Further, {(f)^^y{xQ) is a solution 

xq). Using this one can show that J* is bounded, uniformly in 7. 



of i{^i,yixo) = 

We sketch a possib^ 

4'y,aix) = ax"^ + 7 and denote the corresponding flow by 



e reasoning. One may assume that (j)'y{x) = + 7 + 0(2:^7) + ©(x^). Let 

For arguments sake, take xq < 0. 



^7, a' 



Then, for t < 0, 
shows that 



0* +(2;o) < (pi/ixo) < -(xo) for 



some a_ < a+ close to 1. Solving for 



: arctan( 



't^f,aixo)) = /7i + arctan(Y'^xo). 



7, a 



(29) 



Note that ^( 



^7, a, 



'(xo) = 2a0* (xo)((/>l a)'(xo). It follows that 



,,,-)'(xo) < (0*)'(:ro) < (0* ,+ )'(xo). 
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Differentiating (^9|) yields 

These bounds and ( p8|) prove that J* is bounded, uniformly in 7. 

Replacing hj by /i;^, which is an expanding map, the above reasoning shows that 

Reg P^g <M + ^Reg g 

for constants M > and A > 1. Now (|27| ) follows by iterating the bound on the regularity of -P^^. 

We can now basically follow the proof of Proposition 7 in [PiaYor7£] to conclude the lemma. 
Take 5 G C([0, 1]) with Reg g < p. Then, for x G [0, 1], 

pi:;g{x) = Y,W:{x)\9oU^), 

i 

where V'i are the inverse branches of /i" near x. Since -^j gdm = 1, there is a component Aj of 
[0, 1]\0 on which sup^^, 5 > 1. We may also assume that sup^^. 5 > ^ on a component Aj with 
m{Aj) > (3 for some constant /3 > 0. Then infyi^. g > ^e~^^. 

If n is large enough, [/^(c), /^(c)] C /il^(74j) for all small 7. Hence, for each x £ [/^(c), /^(c)], 
there exists io with tpigix) G ^j. This gives 

P^x) > K(x)|5oV;.o(x), 

Since ■m{Aj) > /?, we may take io so that IV'^qI^^)! is bounded from below. Therefore, PI^g{x) > d 
for some d > which is independent of g and 7. By (26), this proves the lemma. □ 
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